Generating Forms for Exact Volume-Preserving Maps 
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Abstract 

We study the group of volume-preserving diffeomorphisms on a manifold. We develop a 
general theory of implicit generating forms. Our results generalize the classical formulas for 
generating functions of symplectic twist maps. 

1 Introduction 

A map / : M — > M preserves the volume form f2 in a manifold M if 

fn = n . 

For example, if M = W 1 and the volume form is Q, = dx\ A d%i A ... A dx n , then / is volume 
preserving when its Jacobian has unit determinant, det(Df) = 1. 

The study of such maps is interesting on one hand because volume-preserving maps are a simple 
and natural higher-dimensional generalization of the much-studied class of area-preserving maps. 
On the other hand, the infinite dimensional group of volume-preserving diffeomorphisms on M 3 is 



at the core of the ambitious program to reformulate hydrodynamics [AK98]. Volume-preserving 
maps arise in a number of applications such as the study of the motion of Lagrangian tracers in 
incompressible fluids or of the structure of magnetic field lines |Hol84l ILF921 ISVLOll IMJM 05J. 

In this paper we will study the construction of generating forms for exact volume-preserving 
maps. A similar construct, generating functions, is familiar in the exact symplectic case. Recall 
that a symplectic map / preserves a nondegenerate, closed two-form uj = dq A dp defined on an 
n = 2d dimensional manifold: f*u = uj. Exact symplectic maps arise when oj is exact. For instance 
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DMS-0707659. Useful conversations with Holger Dullin, Robert Easton and Rafael de la Llave are gratefully acknowl- 
edged. 
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when there exists a Liouville one-form v on a cotangent bundle, the symplectic form is defined by 
ijj = —dv. Then / is an exact symplectic map if 

f*v-v = dL, (1) 

for a "generating" function L defined on M. If we denote the map by 

(Q,P)=f(q,p) , 
and choose, e.g., v = pdq = Yli=iPi^1ii then JT]) has the form 

PdQ - pdq = dL . (2) 

The theory of canonical generating functions regards this as an equation not on M, but on the 
doubled phase space N = M X M with coordinates (q,p,Q,P) [AM781 lEas98] . In this case, © 
is not valid everywhere on N, but only on the graph F = {(q,p,Q, P) \ (Q,P) = f(q,p)} € N of 
/. Alternatively, we say that L : N — > R is a generating function, with respect to u, if the set on 
which the one-form (pQ) vanishes is precisely the graph F. The resulting map / is necessarily exact 
symplectic. 

There are four special cases of JT]) that are typically defined |GPS02j . For example, if L is 
assumed to depend only upon (q,Q), then (J2]) is equivalent to the implicit equations 

p = -d q L(q,Q) , 
P = d Q L(q,Q) . 

These generate a map when the implicit equations can be solved for (Q, P); this occurs under a twist 
condition, d g QL(q,Q) ^ 0, that is, the matrix of partial derivatives d qi Q j L{q,Q) is either positive 
or negative definite. Many other generating functions can be obtained by other choices of the form 
v |Arn78j . 

In the following sections, we analyze the group of exact volume-preserving diffeomorphisms and 
obtain implicit generating forms for exact volume-preserving maps by mimicking the symplectic 
construction. In particular, in some cases it is possible to determine an exact volume-preserving 
diffeomorphism / from an (re — 2)-form A on N = M x M. 

We start with a discussion of exact volume-preserving maps in Sj2l Examples of generating forms 
were first given — as far as we know — by Carroll |Car04j . see Sj3j though he did not use the notation 
of differential forms. The general formulation is given in Sj4j and additional examples are presented 
in the following sections. A volume form is not always exact, for example when M = T n . However, 
in some cases a generating form can still be obtained on the universal cover of M as we discuss in 
Sj7l Applications to maps on T d x W k are given in the last section. 

2 Exact Volume-preserving maps 

A volume form Q is exact when there exists an (re — l)-form a such that = da. For this case, 
exact volume-preserving maps can be defined by analogy with the symplectic case. 
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Definition 1. Let (M, fl) be a manifold in which the volume form fl is exact. Suppose that da = CI. 
A diffeomorphism f : M — > M is exact volume preserving if there exists an (n — 2) -form A on M 
such that 

f*a — a = dX. (3) 
We will denote by Diff a (M) the set of exact volume-preserving diffeomorphisms with respect to a. 

It is clear that if / is exact volume preserving, then / _1 is also. Moreover, if / = fi o f 2 is 
the composition of exact volume-preserving maps with forms Ai and A2, respectively, then since 

(/i°/ 2 )* = / 2 */i, 

f*a-a = fiifta - a) + f* 2 a -a = c/(/ 2 *Ai + A 2 ) . 
Thus / is exact volume-preserving with 

A = / 2 *Ai + A 2 . (4) 

Therefore Diff a (M) is a group that can be regarded as an infinite dimensional Lie group. Clearly, 
if we have two forms a and a, for which a — a is exact, then Diffa (M) = Diff^ (M). 

When / is exact volume preserving, the form A can be used to compute volumes of invari- 
ant or partially invariant regions. For example, suppose that C is an orientable, boundary-free, 
codimension-two manifold that is invariant under /, e.g, if dimM = 3 then C is an invariant circle. 
Let S be any codimension-one embedded submanifold bounded by C and 7Z be the "region" bounded 
by iS and its image, dlZ = f(S) — S. In other words, suppose that a region 1Z is bounded by S and 
its image, with the appropriate orientations. The (algebraic) volume of 1Z is 

Vol(Tl) = f 0= f f*a-a= f A . 
Jk Js Jc 

Generalizations of this formula can also be used to compute the flux of orbits escaping from a 
resonance zone in terms of the integral of the form A along heteroclinic intersections of stable 
and unstable manifolds |LM08j . Similar formulas have been extensively used in the symplectic 
case [MMP84I IMMP87[ IEas91j and should prove useful in studies of volume-preserving transport 

Any exact symplectic map of a two-dimensional manifold is exact volume-preserving with the 
volume form Q = u, if we choose the one-form a = —v and the zero-form A = —L. This also holds 
more generally. 

Lemma 1. Any exact symplectic diffeomorphism is exact volume-preserving. 

Proof. Let / : M — > M be an exact symplectic diffeomorphism. The d-fold wedge of the two-form 
<jj is a volume formQ 

fl = uj Ad = uj A u A • • • A u . 



The standard volume would be - — ^ fi. 
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Defining a = — v A uj Ad 1 then da = Q, and 

f*a-a = f* (-p A cu^- 1 ) + v A o;^ 1 = -(/V - v) A c^ 1 
= -d£ A u^- 1 = di-Lio^ 1 ) , 
since f*uj = uj and du> = 0. Thus / is exact volume preserving with the 2(d — 1) form A = 

2.1 Exact Incompressible Vector Fields 

One important aspect of the structure of Lie groups is the study of their one-parameter subgroups. 
Here we consider the subgroups of Diff Q (M) generated by exact incompressible vector fields. Recall 
that an incompressible vector field X satisfies LxQ = {V ■ X)Vt = 0, where Lx is the Lie derivative. 
In other words, X is incompressible if and only if the corresponding flow ft generated by X is 
volume-preserving for each t. To find a similar condition for exact volume-preserving flows, suppose 
that the flow ft is an exact volume-preserving diffeomorphism for each t. According to Def.[T] there 
exists a smooth family of (n — 2)-forms At such that 



f* t a — a = d\ t . (5) 



Differentiating with respect to t gives 



-rift® = ft L xa 

Since da = f2, this gives ix& = d Uf*_ t ^\t — ixoc); consequently, the flow generated by the vector 
field X is exact volume-preserving if and only if ix^ is exact. 

We will argue that the expression d{ip*_ t -^\t) does not depend on time. Using the group 
property of the flow ft in ©, it follows that for all t, s € R. 

d\ s+t = d(f*X t + X s ) . (6) 

Letting [3 = §i\ t=Q At, then differentiating ([6]) with respect to t and setting t = gives 

d(^j=d(f*J). (7) 

Therefore d (</?* t J^At) = d/3 and Lxa = d(3. Consequently ix^ = d((3 — ija) is exact. Moreover, 
(|7|) shows that the form 

A t - f f* T (3dr 



Jo 

is closed and, without loss of generality, we can choose 

A t = f\*l3dT 
We summarize these results proposition. 



o 
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Proposition 2. Let X be a vector field on a smooth manifold M of dimension n with an exact 
volume form such that 0, = da, for some fixed (n — l)-form a. Let (ft be the flow generated by 
X , and suppose that it is complete. Then the following are equivalent. 

a) ix& is exact. 

b) There exists an (n — 2)-form fix such that Lxct = d(3x- 

c) For each t 6 R, there exists an (n — 2)- form \t, (GP> such that J2J) is satisfied. 

If a vector field on a smooth manifold M satisfies any of the conditions of Prop. [21 we will say 
that X is an exact incompressible vector field with structure form fix- Another term that has been 
used for these vector fields is "globally Liouville," see for example |GM03j. These vector fields have 
a Lie algebraic structure. 

Lemma 3. If X,Y,Z are exact incompressible vector fields, with structure forms (3x,(3y and (3z 
then, 

a) the Lie bracket [X, Y] is an exact incompressible vector field with structure form 

P [X , Y ] = L x (3y - L Y f3 x (9) 

and, 

b) *// is exact volume-preserving with f*a — a = dX, the pull-back f*Z is an exact incompressible 
vector field with structure form 

Pf*z = f*l3z-L f * z \. (10) 



An interesting exercise is to check that the formulas ([9]) and ([10]) are compatible. Since 
f*[X, Y] = [f*X, f*Y], it must be the case the form 0f*\x,Y] ~ 0[f*X,f*Y] is closed. In fact it 
is possible to show that 0f*\x,Y] = P[f*x,f*Y] directly from the lemma. 

Example. Consider the case of a nonautonomous Hamiltonian flow, generated by a C 2 function 
H : M 3 — s- R. With H(q,p, 9) we form the autonomous Hamiltonian vector field given by 

X H = (H p ,-H q ,l) T . (11) 

The volume form is O = dq A dp A d9 and we can choose a = —pdq A d6 so that da = O. Hence, 



ix H Q = dH A dO + dq A dp 
dH 
dp 



ix H o. = —p-^dO + pdq 



These imply 

H — P~Q— ] A J . 
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so that we can define (3 = —CffdO where 

C H =pH p -H (12) 

is the Lagrangian, and 

Xt = -(J C H o ip r dr^j d9 . (13) 
It is possible to show directly from equation ([9]) that 

P[X Ht X a ] = ~£{G,H}dO, 
where {G, H} = G q H p — G p H q is the Poisson bracket. 

3 Generating Forms: Carroll's Example 

In this section, we consider the simplest case where M = R 3 and ft = dx A dy A dz. The map 
(X, Y, Z) = f(x, y, z) is volume-preserving when f*Q = dX A dY A dZ = 17. Here we give a simple 
example, based on that of Carroll |Car04j . of an implicit generating form for / when it is exact. 

The map / is exact volume-preserving when it satisfies (|3|); however, this notion can be slightly 
generalized by noting that there are many choices for the form a such that f2 = da, and we can 
use different representatives for the two forms in j3|), f*a and a. Indeed, letting a and a be two 
different such representatives, we can generalize J3|) to 

f*a-a = d\. (14) 

Since a — a is closed and every closed form on M 3 is exact, this is equivalent to j3]) (however, for 
more general manifolds some additional care must be taken, see $[]). 

There are three simple natural choices for a: xdy A dz, ydz A dx, and zdx A dy. Therefore for a 
and a, there are together, nine possible choices. Essentially we are choosing a subset of the variables 
(x,y,z,X,Y,Z) — some "old" and some "new" — and combining them in a single function. We will 
select the one-form A to depend explicitly on the variables chosen. 

For example let us choose a = zdx A dy and a = xdy A dz and try to find a diffeomorphism 
f(x,y,z) = (X,Y,Z) such that 

f*a — a = ZdX A dY — xdy A dz = dX , 

where A is a one- form, say, 

A = z, X, Y)dy + (y, z, X, Y)dY . (15) 

Here A is to be thought of as a one-form on M 3 ; that is, it must be evaluated on the transformation 
(X,Y,Z) = f(x,y,z). However, we ignore that for the moment and treat (y,z,X, Y) as four 
independent variables. The differential of (fT5l) is 

d\ = d z $dz Ady + dx^dX A dy + (d Y $ - d y ^)dY A dy + d z ^dz A dY + d x ^dX A dY . 
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To be consistent with ([HI) $ must independent of X, independent of z, and 



x = d z $(y,z,Y) , dY$(y,z,Y) = d y *(y,X,Y) , Z = dx^(y,X,Y) . 



(16) 



These three equations locally define a map /, provided that the first equation can be inverted for Y, 
which requires that d z y& ^ 0, and that the second can be solved for X, which requires d y x^ ^ 0. 
By analogy with the case of symplectic maps, we call these conditions twist conditions. Note that 
the twist conditions are geometrical properties of / and / , namely 



(17) 



dx dZ 

The map / is globally defined if for each (y,z) the image of the line L y>z = {(s,y,z) s £ R} 
intersects every plane Py = {(u,Y,v) \ (u,v) £ M 2 } exactly once. Conversely, for each (X,Y) the 
preimage of the line Lx,y = {(X,Y,s) s S 1} intersects every plane P y exactly once. This is 
shown in Fig. [U Consequently, not every exact volume-preserving map has a generating form of 
this type. 




Figure 1 : Illustration of the twist conditions for the map lllGIl 

As an example, let <fr(y, z, Y) = zY + g(y,Y) and *&(y,X, Y) = Xy. Then the map generated 
by ([HI) is 

(X, Y, Z) = (z + d 2 g{y, x),x, y) , 

which is of the form of the shift-like diffeomorphisms studied in [LM981 IBP981 ILM041 IGMO06] . It 
trivially satisfies the twist conditions since Y(x, y, z) = x and y(X, Y, Z) = Z . 



4 Generating Forms 

Though we thought of A in ^3] as a form on M = M 3 , it is more properly thought of as a form on 
the product space N = M x M. Thus if (x,y,z,X,Y,Z) are the coordinates of a point in N, the 
expression (|15|) becomes a one form on N. To distinguish this new form from the original form on 
M, we will call it A. 
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More generally, let a and a be two (n — l)-forms such that da = da = d£l. Let 711 2 : N — > M 
be the projections 

7Ti(mi,m 2 ) = mi , 7r2(mi,m 2 ) = ro2 . (18) 

Following the symplectic case |AM78llEas98| . a generating form will be constructed using ir^a — Trla, 
which is an (n — l)-form on N. Note that if (^1,^2) £ T/ mitm2 \N , then (vr^a — vr*a)( mi . m2 )(£, t?) = 
%u(6) - "mi(Cl)' 

Definition 2 (Generating Form). ^4n (n — 2) -form A on N = M x M is a generating form with 
respect to the pair (a, a) if the set F C N on which the form 

r = 7r£a - n*a - dA (19) 

vanishes is the graph F = {(m, f(m)) \ m G M} 0/ a smooth function f : M — ► M. in ttis case, we 
w?// say ^/iai i/ie map / is generated fry A. 

The idea of using a form to define a submanifold is very old. It goes back to the question 
of solving Pfafflan equations to define subbundles of a vector bundle, in particular of the tangent 
bundle. Our situation does not correspond to the Pfafflan, since we are dealing with the zero-set 
of a form considered as a section. A Pfafflan usually has constant rank, so its zero-set would be 
empty. For more information on Pfafflan systems, cf. [LM87]. 

The notion of Def.[2]is equivalent to that of (fl4l) . Indeed, if j : M — > iV represents the embedding 
j(m) = (m, f(m)), note that tti o j = idM and tt2 ° j = f ■ The implication is that a generated map 
is exact. 

Proposition 4. If A generates a map f with respect to (a, a), then f is exact volume-preserving 
with 

f*a-a = dX. (20) 

where A = j* A. 

Another implication of Def. [2] is that the resulting map is invertible. Moreover, there is a simple 
relation between the generating function of a map / and its inverse. 

Proposition 5. If f is generated by Aj and f is invertible then the inverse is generated by 

Af-i = -a*Af , 

where a : N —> N is the permutation o"(mi, 777.2) = { m 2, m \)- 

Since by assumption da = da = Q, the difference a — a is closed. If this difference is also exact, 
then a = a + d(3. In this case, if / is exact volume preserving with respect to the pair (a, a), it is 
also exact with respect to (a, a): f*a — a = f*(a — d(3) — a = d(X — f*0). This same property 
holds for generating forms. 

Lemma 6 (Legendre Transformations). If A is a generating form for f with respect to (a, a) then 
A + ir^P — ttI(3 is as well, with respect to the pair (a + a + d@) for any (77 — 2)-forms (3 and (3. 
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Proof. It is enough to notice from JT9|) that 

r = tt* 2 (a + dp) - ir{ (a + d/3) - d (k + 7r|/3 - tt^) . (21) 

□ 

This property is analogous to the Legendre transformations between various symplectic gener- 
ating functions |Arn78l rGPS02| . For example in W 1 , any even permutation, 

P(i) ) x 2i ■ ■ • -i x n) = > x %2 i ■ ■ ■ i x i n ) ) 

is an exact volume-preserving diffeomorphism. Thus, if = p^a, then there is an (n — 2)-form 
(3u\ such that — a = dfi^y Consequently, if A is a generates / with respect to (a, a), then (|2~T1) 
gives new generators with the permuted forms 

where 

%).(?') = A + ^^(i) - 7r*%) • (22) 

In this way, beginning with a basic form, say a = X\dx2 A ... A dx n , and an associated generator, 
we can obtain generators for the ^n! evenly permuted forms am = Xi x dxi 2 A ... A Xj n . Since each 
permutation can be done on each copy of M, there are {\n\) 2 possibilities. 

5 Thirty- Six Generating Forms on R 3 

For IR 3 , we will begin with the basic form zdx A dy, and by even permutation construct the two 
additional forms xdy A dz, and ydz A dx. Since any of the three can be used as well for q, there 
are nine choices for the form V. For each such choice, we will see that there are four possible 
representations for A. Thus overall we will find thirty-six different generating forms. These are 
analogous to the four basic generating functions for area-preserving maps |Arn78l IGP S02J. 

To catalog the possibilities, begin by choosing a = a = zdx A dy, and consider the generating 
equation 

r = ZdX A dY — zdx Ady — dA = (23) 

on the graph of a smooth function F = {(m, f{m)) G M 3 x K 3 | m £ M 3 }. A general one-form on N 
will have terms for each of the six coordinates (x, y, z, X, Y, Z); however, to be consistent with ([23]) . 
dA can have no terms involving dz and dZ. This implies that any z and Z dependence of A can be 
collected into terms that are total differentials: these give no contribution to the determination of 
/. Consequently, we set A = Adx + Bdy + CdX + DdY where the functions A, B, C, and D depend 
only upon the four variables (x,y, X,Y). Substitution into (f23l) then gives six equations. The first 
two are dynamical in nature, 

z = d y A - d x B , Z = d x D - dyC , 
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and the last four are the implicit consistency equations 

d x A = d x c , dyA = d x D , 

d x B = d y C , d Y B = d y D . 

There is a redundancy in these consistency equations that can be traced to the definition of A. 
Indeed, if we were to impose any one of these equations from the outset, we could rewrite A as 
a form containing only two terms, up to a perfect differential. For example, the first consistency 
equation implies that Adx + CdX = d( — d y Qdy — dyQdY where — since dxA = d x C — we can set 
C = / CdX = J Adx. Since dC, does not enter into the generating equation (|23l) . A and C can be 
effectively eliminated so that A becomes Bdy + DdY. Two of consistency equations now reduce to 
dxB = d x D = 0, which implies A = B(x,y, X)dy + D(y,X,Y)dY. There remain three equations 
to implicitly determine the three components of the map (X,Y,Z) = f(x,y,z): 

z = -d x B(x,y,X) , dyB(x,y,X) = d x D(y,X,Y), Z = d x D(y, X,Y) . 

This map is well-defined only if these implicit equations can be inverted. The first equation can 
be solved for X(x,y,z) only if d x xB ^ 0, and the second can then be solved for Y(x,y,z) only 
if d x yD ^ 0. More specifically / must satisfy two conditions: the curves C = {X(x,y,z) \ z € 
M}, and C = {y(X,Y, Z) \ Z G M} must be bijections onto M. for each fixed (x,y) and (X, Y), 
respectively. This will occur, for example, if the derivatives dX/dz and dy/dZ are uniformly 
positive and bounded: 

dX dy „ 
oz oZ 

A similar reduction of A to two terms can be performed by imposing each of the remaining 
three consistency equations, giving four basic generating forms as shown in Tbl. [H These four are 
geometrically distinct in that they have distinct twist conditions. 

Additional generating forms can be obtained from Tbl. Q] using the Legendre transformation (|22l) 
to change the forms n\a = ZdX A dY and n\a = zdx A dy into the eight remaining permutations. 
Specifically let P(23i)(s> V, z) = (y,z,x) and p( 312 )(x, y, z) = (z,x,y) denote the even permutations. 
Then 

^(231)° ~ a = x dy A dz — zdx A dy = d(-xzdy) , 
P(3i2) a ~ a = ydz Adx — zdx A dy = d(yzdx) . 

Thus, the generator for 

Tr^a — 7TiP*(23i) a = ^dX A dY — xdy A dz , 

becomes 

A (23i),o = A o,o + xzdy . 

For example, to reproduce the results of Sj3] we select the dy and dY components for A, so we begin 
with the B-D form for Ao^ to obtain 

A ( 23i),o = (B(x, y, Y) + xz)dy + D(y, X, Y)dY = A(y, z, Y)dy + D(y, X, Y)dY 
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Ao,o 


Adx 


Bdy 




A(x,y,X), C(x,X,Y) 


B(x,y,X), C(y,X,Y) 




z = d y A 


z = —d x B 


CdX 


d x A = d x C 


d x B = d y C 




Z = -dyC 


Z = -d Y C 










A(x,y,Y), D(x,X,Y) 


B(x,y,Y), D(y,X,Y) 




Z = OyA 


2 = -dz-B 


DdY 


dyA = d x D 






Z = d x D 


Z = d x D 




dz r u > az f u 


SX. n n 



Table 1: Four basic generating forms with respect to a — a = zcte A d?/. Shown are the independent variables for 
each function, the three implicit mapping equations, and the two twist conditions. 

As indicated, the mapping equation B x = —z, becomes a new consistency condition: d x A = 0. The 
consistency condition d z B = becomes a new mapping equation 

d z A = d z B + x = x . 

The remaining two equations are unchanged, reproducing the system (fl~6l) . Alternatively, the per- 
mutation can also directly be applied to the labels (x, y, z) in Tbl.Q]to transform the entire table into 
that for A/231V0, see Tbl.[2j Note that the twist conditions for the generated maps are geometrically 
distinct. 

Similar tables are easily constructed for the remaining permutations to give a total of thirty-six 
different generating forms. 

As an example of the forms shown in Tbl. [2j consider the B-C type generating form 

A = (-yX + g(y, z) - h(X, z))dz + {—zY - k(X, Y))dX . 

The generated map is 

X =x + g y (y,z) , 

Y = y + h x (X,z), (24) 
Z = z + k Y (X,Y) . 

The twist conditions are trivially satisfied: d x X(x,y, z) = 1 and dzz(X,Y, Z) = 1. The much- 
studied ABC-map has this form [FKP881 IPF88] . The map (p4l) is the composition of three, exact 
volume-preserving shears, e.g., maps of the form (X, Y, Z) = (x+F{y, z),y, z). It is also a first-order 
volume-preserving integrator of the incompressible flow with vector field (g y (y, z), h x (x, z), k y (x, y)) 
|MQ01| . 
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A(231),Q 


Ady 




CdX 


A(y,z,X), C(y,X,Y) 
x = d z A 

d x A = d y c 

Z = -dyC 


B(y,z,X), C(z,X,Y) 
x = —d y B 

8 X B = d z c 
z = -d Y c 


DdY 


A(y,z,Y), D(y,X,Y) 
x = o z A 
dyA = d y D 
Z = d x D 

9Y_ / q dy_ / q 


B(y,z,Y), D(z,X,Y) 

X = —OyB 

d Y B = d z D 
Z = d x D 



Table 2: Four basic generating forms with respect to & = zdx A and a = xdy A dz. 

6 Some Generating forms on M. n 

In this section we construct a generating form for M = M. n , choosing — for simplicity, 

■K*{ot = (— l) n ~ x n dx\ A • • • A dx n _i, 
■K* 2 a = X x dX 2 A • • • A dX n . 

Here we use the coordinates (x±, . . . ,x n ,X±, . . . ,X n ) G N = M x M. This choice will reproduce 
formulas that, as far as we know, first appeared in |Car04j . 

The form A will depend upon the n — 2 variables (x\, x 2 , ■ ■ ■ x n -i, X 2 , X3, . . . , X n ). To develop 
the notation for this form, define the projections h k ■ N —* M by 

h k {xi, ...,x n ,Xi,.. .,X n ) = (xi, . . .,x k ,X k+i , . . .,X n ), (25) 

for each k = 1, . . . , n — 1. Similarly for each k, define the (n — 2)-form on M 

Pk = ^ dx\ A • • • A dx k _i A dx k+2 A • • • A dx n 

where G C 2 (M,R). Notice that h* k p k is an (n - 2)-form defined on N. 

Theorem 7. Let < I> 1 ,...,$ n 6e smooth functions on M. Assume that there exist two constants 
£1, 1% > such that, for all k = 1, . . . , n — 1 and a// to G M, one /ias 



< £1 < 



< 



n-l 



Then, the n — 2-form A = /ifcP/c «s a generating form and the generated map (X±, . . . ,X n ) 



k=l 
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/(xi, . . . , x n ) is implicitly given by the n equations 

x 1 = d 2 <s> 1 (x 1 ,x 2 ,...,x n ) , 

d k $ (xi, . . .,x k ,X k+1 , . . .,X n ) = d k+2 $ k+1 (xi, ■ ■ .,x k+ i,X k+2 , ■ ■ .,X n ) , 
d n _i$ n-1 (a;i, . . .,x n -i,X n ) = x n . 

for k = 1, . . . ,n — 2. 

Proof. This is a straightforward computation. The differentials of the basic forms are 

dPk =(-l) k ~ 1 (d k <$> k ^ dxi A • • • A dx k A dx k+2 A • • • A dx n 

+ (-l) fc_1 (d k+ i$ k J dx\ A • • • A dx k ^i A dx k+ \ A ■ ■ ■ A dx n . 

This implies that, as a form on N = M x M, A satisfies: 
n-l 

dA = ^(-l)^ 1 (d k $ k o h k J dxi A • • • A A dX fc+2 A • • • A dX n 

k=l 

+ (d k+ i& k o fyj-J dx\ A • • • A dx fe _! A dX fe+1 A • • • A dX n . 
Rearranging the terms in the sum we find that 

dA = (d^ 1 o hx) dX 2 A • • • A dX n + (-l) n (d^i^™" 1 o h n -i) dx\ A • • • A cte„_i 

n-2 

+ J^(-l) fc (d k+2 $ k+1 o /i fc+ i - <9 fe $ fc o h fc ) dxi A • • • A dx k A dX k+2 A • • • A dX Tl 



k=l 



Therefore, in order to satisfy 

(ir^a - 7r*a - dA) (x 1} . . . ,x n ,X 1} . . -,X n ) = , 
one needs to have, for k = 1, . . . , n — 2, 

Xi - d^ 1 o hi = , 

d fc+2 $ fc+1 o - d fc $ fc o ^ = , 

X n ~ 9 n _i$ n_1 o hn-x = . 

Equations (f26l) and (f27l) are the same. The conditions on the functions <J? fe imply that we can 
for (Xi, . . . , X n ) in terms of (xi, . . . , x n ) and vice versa. 

For example, on M 3 with coordinates (x,y,z), this reduces to the generating form 



A ,(23i) = *\x, Y, Z)dZ + $ 2 (x, y, Z)dx , 



which is a permuted version of the A-D form in Tbl. [TJ 
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7 Generators on Other Manifolds 



When M has nontrivial homology, the volume form Q on M need not be exact, in which case a 
cannot even be denned. Even if an (n — l)-form a can be denned, there might not be sufficient 
freedom to select these forms to obtain a well-defined generator A on M x M. However, in this case, 
we may still be able to find a generator on the universal cover of M since it is simply connected. 

Suppose that p : C — > M is a cover of M and that the volume form p*Q on C is exact. In this 
case, even if the original Q is not exact, it is possible to find generating forms on the universal cover. 

We now construct A on the product space for the universal cover N = C xC. If A is a generating 
form on N, then it generates a map g : C — > C. This map will be the lift of a map / : M — ► M if 

pog = f op . 

We will show that for this to occur it is sufficient that T be invariant under an extension of the 
group of deck transformations of p to the space C x C. 

Recall that the group of deck transformations of a cover p is T = {t : C — > C \ p o t = p}. 
Obviously pxp:CxC^MxMisa cover ofMxM and the group of deck transformations on 
C x C is 

U = {(h,t 2 ) :C xC -f C xC\t 1 ,t 2 eT}; 

indeed, if (ti,t2) € U then (p,p) o (ti, t 2 ) = (p,p)- We will say that a subgroup A of U is of diagonal 
type if it is of the form 

A = {(t,^(t)) eU\teT} 

for some fixed group automorphism ip : T — > T. For instance, if we take tp = ioIt, then A is the 
diagonal. In general, A is isomorphic to the original group T. Invariance of A under A implies that 
its generated map is a lift. 

Lemma 8. Suppose that C is a cover of M, a and a are n — 1 forms in C such thatp*Q = da = da, 
and A is a generator with respect to (a, a) of an exact volume-preserving map g on C. Then, if 
r = n^a — ir^a — dA is invariant under a subgroup of the deck transformations of C x C of diagonal 
type, g is the lift of a volume-preserving map f on M . In addition, if Q, is exact, then f is exact 
volume-preserving. 

Proof. By assumption T vanishes at (c, g(c)) G N for each c € C. Since T is invariant under A, 
(t,^(t))*T = T. Therefore T also vanishes at (t(c),ip(t)(g(c)). Equivalently, 

g o t = ij)(t) o g . 

Consequently, the two points t(c) and c, which project to the same point m = p(c), have the same 
projected image p(g(t(c)) = p(g(c)). But this implies that f(m) is uniquely defined and satisfies 
pog = f op. 

Now p*fl is a volume form on C and g preserves p*£l. Hence 

p*rn = (fo P yn = (pog)*n = p*n. (28) 
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Since p is a local diffeomorphism, we conclude that f*Cl = £1. When the original volume form is 
exact, the same argument can be used to show that / is also exact. 

□ 

Note that even when T is invariant under A, the form A need be, and thus may not have a 
well-defined projection on M x M. Nevertheless, the projected map is well-defined whenever T is 
invariant under a suitable subgroup A. 

Example. A simple example corresponds to the two-dimensional, generalized standard map 

f(x,y) = (x + y-V'(x),y-V(x)) . (29) 

where V(x + 1) = V(x) is the potential. We can think of this map as being defined on the cylinder 
M = T x I. In this case, the universal cover is C = R 2 . The group T of deck transformations is 
generated by a single transformation: T = (0i), where (pi(x,y) = (x + l,y). Using the volume form 
f2 = dy A dx, we may select a = a = ydx, and obtain the generating form 

A=\{X-xf-V{x), (30) 

which is a zero-form on C x C, but not on M x M. On the manifold C x C, we will use the the 
diagonal extension A of T that consists of the transformations u(x, y, X, Y) = (x + k,y, X + k, Y) 
for integer k. In other words, we simple use ifi = idx in the argument above. It enough to check 
that the form T = YdX — ydx — dA is invariant under (0i, 0i). Thus the generated map projects 
to an exact volume-preserving map on T x 1. 

We can also think of (|29j) as acting on M = T 2 . In this case dy A dx is closed, but not exact: 
a = ydx is not a form on M. The universal cover is still 1R 2 ; however, the deck transformation 
group is now T = {t(x, y) = (x + m, y + n) \ m,n € Z} which is generated by two transformations: 
T = (0i,02), where 

0i 0, y) = {x + i,y) , 

4>2{x,y) = (x,y + 1) . 

The zero-form (|30l) is still a generator on the cover; however, the one form 

T = YdX - ydx - dA = (Y - X + x)dX - (y - X + x + V'(x))dx 

is not invariant under the trivial diagonal extension of T. Instead, define a different subgroup A by 
choosing the automorphism ip so that ip(4>i) = <f>\ and ip{<f>2) = <p\ ° 02 = 4>2 ° 4>i = 03- Now, the 
subgroup A is generated by the pairs 

ui(x, y, X, Y) = (0 l5 0!)(x, y, X, Y) = (x + l,y,X + 1, Y) , 
u 2 (x, y, X, Y) = (0 2 , 3 )(x, y, X, Y) = (x,y + 1, X + 1, Y + 1) . 

The form T is invariant under these deck transformations: ulT = T and u^T = V. Thus every map 
g : M 2 — > M 2 generated in this way has the symmetries: 

g o 0! = X o g , 

g o 02 = 03 o g . 

Therefore g is the lift of a well-defined map of T 2 . 
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8 One- Action Maps 



An action-angle map / acts on the manifold M = T d x R fc , having d angle variables, 9 G T d , and k 
action variables, z£l l As an example, consider the generalization of (|29l) 

/(0,z) = (0 + p(z + F(0)),z + F(0)) (31) 

for a "rotation vector" p : M. k —>■ T d and "force" i 7 : T d — ► R fc . Examples with two angles and one 
action have been much studied, cf. [FKP881 ICFP96] . Here we will consider this case, setting d = 2 
and k = 1 and 

n = dz A dQ\ A d9 2 , a = zdBx A d9 2 . (32) 

The map ([31"]) is volume preserving. It is easiest to see this by noting that / = fx o / 2 for the 
volume-preserving shears fx(0,z) = (9 + p(z),z) and f 2 (9,z) = (9,z + F(9)). Moreover, the map 
/i is always exact, it satisfies J3)) with Ai = ijy ^i A c?6>2 = Wxd9 2 — W 2 d9x with Wj = — J p. L dz. 
By contrast, / 2 is exact only when 

/ F{9) d9x A d9 2 = . 

This is true if there a vector field G : T 2 — ► M 2 such that V-G = F. In this case the A2 = icd9xf\d9 2 . 
Finally, the form A for / is defined using (|4}. 

A rotational torus is a two-dimensional torus homotopic to the zero section {{0,9) \ 9 G T 2 }. 
The net flux crossing a rotational torus T is the difference between the volume "below" f(T) and 
that below T: 

T(T) = J fa- a. (33) 

When / is exact, then T{T) = 0. A consequence is that f(T) n T ^ 0. In fact, this intersection 
property has been used in generalizing KAM theory for exact volume-preserving maps [Xia92j. 
The natural integrable case of (|31~T) is 

f(9,z) = (9 + p(z),z) , (34) 

For this map, the phase space is foliated by invariant two-tori. Interestingly under some conditions 
on p, a version of KAM-theory can be applied to this system to imply that a Cantor-set of these tori 
are preserved when / is smoothly perturbed, but remains exact volume-preserving |Sun84l [Xia92] . 

Indeed, exactness is a necessary requirement for the existence of rotational invariant tori. Sup- 
pose that T and T are rotational tori and / is volume-preserving, then the volume contained 
between them, AV = ff a — J T a, is invariant. This implies that the flux T is independent of the 
choice of torus. Consequently if / has an invariant torus then its net flux must vanish, T = 0. Since 
T(T) = for any rotational torus, f*a — a must be exact. Therefore a necessary condition for the 
existence of rotational invariant tori is that / be exact volume-preserving. 

When M = T 2 x R, there is only one choice for a that will make the standard volume form 
exact, (|32j) . Thus, we will consider a generating equation of the form 

r = ir 2 a — Ti\a — dA 
= ZdQx A dQ 2 - zd9x A d9 2 - dA . 
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Taking T 2 = M 2 /Z 2 , we can define the generating form A on the universal cover, C = M 3 , of M. 
Using (6, z, 0, Z) as coordinates on M 3 x M 3 , a suitable generating form is 

A = [(0! - 9t)Z - *(0 X , 2 , Z)\ d@ 2 - [(02 - 9 2 )z - %{e u z, 2 )] Mi. (35) 

The appropriate diagonal extension of the group of deck transformations of C consists of the 
transformations 

u k (6, z, 0, Z) = {9 + k, z, + k, Z) , k G I? . 

In order for A to generate the lift of a map on M, it must be invariant: u* k k = A. This requirement 
is easily seen to be satisfied by ([35]) when $ and ^ are periodic in each of their angular arguments. 
The differential of the generating form (|35j) is 

dk = (z - Z - d 9l <S> - de 2 y) dO x A dS 2 

+ (0i - #i - d z §) dZ A de 2 + (0 2 - ©2 + fl!*#) dz A 6B X 
+ ZdGi A dQ 2 - zd9 x A d0 2 . 

Note that in this case dk includes the terms in Tr^a — 7r*a. The remaining three terms in dk must 
vanish, and this determines the generated map 

e 1 = 1 + d z <f>(8 1 ,Q 2 ,Z) , 
e 2 = 8 2 + d z V(9 1 ,z,G 2 ) , 
Z = z- deMOu ©2, Z) - 9q 2 *(0i, 2 ) . 

This map is one-to-one when ^02^ 7^ 1 an d dg 1 z$ ^ — 1. This map will have the form of a 
perturbation of the integrable map (|34l) if we set 

<t> = H 1 (Z)+eF(9 1 ,0 2 ) , 
* = H 3 (z) + eG(0 1 ,Q 2 ) , 

which gives the semi-explicit map 

©! = e l + d z H l (z) , 
e 2 = e 2 + d z H 2 (z) , 

z = z - e[d dl F(e 1 ,e 2 ) + de 2 G(e 1 ,e 2 )} . 

9 Conclusions 

We have shown that exact volume-preserving maps on an n-dimensional manifold can have implicit 
generating (n — 2)-forms in the same way that symplectic maps can have implicit generating func- 
tions (zero forms). In both cases, the generated maps must satisfy certain necessary geometrical 
conditions that we have called twist conditions. For the n-dimensional case, there are n — 1 such 
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conditions. It would be interesting to characterize the exact volume-preserving diffeomorphisms 
that can be generated in this way in terms of a suitable set of twist conditions. 

One of the reasons for defining generating functions is to obtain variational principles. These are 
used to great effect, for example, in Aubry-Mather theory for area-preserving twist maps [Mei92]. 
Variational principles for exact incompressible vector fields have been studied by Gaeta and Morano 
|GM03j (where they were called "globally Liouville vector fields"). It would be interesting to extend 
their analysis to the map case. 

Another possible use for generating forms is as integration algorithms for incompressible flows. 
Implicit generators are commonly used in symplectic integration algorithms jMQOl | . 

Generating functions for symplectic maps are also used to compute the symplectic area of lobes 
in the theory of transport. We will generalized this result to the exact volume-preserving case in a 
forthcoming paper |LM08j . 
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